By completing the old discussion of K. Wilson, we express the chiral anomaly in terms of a double integral of a three-point function of chiral currents over an arbitrarily small region in the coordinate space. An integrability condition provides an important finite local counterterm to the integral.
All known derivations of the chiral anomaly suggest the short-distance nature of the effect. In the derivation by Schwinger [1] , the axial anomaly appears as an inevitable consequence of the short-distance singularity between two spinor fields and the vector gauge invariance. In another derivation [2] the anomaly arises from the ambiguity of a three-point function of chiral currents due to the linear divergence (in the momentum space) of a loop integral. If we regulate the linear divergence by the Pauli-Villars regulator, a local expression for the anomaly is obtained in the limit of the infinite regulator mass [3] , which is equivalent to the zero distance limit.
The purpose of this little note is to complete and extend the old work of K. Wilson [4] in which the chiral anomaly was analyzed in the coordinate space. Though the anomaly was not evaluated explicitly in ref. [4] , the origin of the anomaly was correctly identified as the subtlety in defining a double integral of a three-point function of chiral currents caused by short distance singularities. The final expression we will obtain for the anomaly is valid not only for the free theory but also for the interacting theories like QCD. To facilitate the derivation we will use the euclidean space instead of the Minkowski space. We first review consistent and covariant chiral currents. For definiteness we consider QCD with N f massless quarks. If we couple a classical SU(N f ) gauge field A to the righthanded currents, the vacuum energy W [A] becomes a functional of the external gauge field. The consistent current is defined so that its expectation value gives the first order variation of the vacuum energy:
The consistent current J A µ satisfies the anomaly equation:
where c is a constant, 
1 The chiral anomaly has been discussed and computed in the framework of differential renormalization in coordinate space [5] . Our approach is more directly related to ref. [4] .
where
The covariant current then satisfies
where F µν is the field strength, andF µν ≡ ǫ µναβ F αβ .
Our goal is to compute the covariant divergence of the covariant current
to second order in the external gauge field. In order to calculate this in the coordinate space, we need a formula that expresses the first order variation of the n-point function of the covariant currents. The formula is given by
The limit ǫ k → 0 can be taken independently as long as the points r k are all different.
The c-number counterterm δA · S is necessary to subtract the short-distance singularities contained in the product of two chiral currents. The possible form of the counterterm is restricted by covariance, dimensionality, and CP invariance. The most general form is
where we denote the ǫ dependence of the counterterms explicitly. For the derivation of the anomaly, only the term proportional toc(ǫ) will play a role.
Before we apply the variational formula (6) to the chiral anomaly, we determine the countertermc(ǫ). The second order variation of the vacuum energy
can be calculated by using eqn. (1) with respect to δ 1 A, and then by using the variational formula (6) with respect to δ 2 A. The integrability of the vacuum energy demands that the second order variation be symmetric with respect to δ 1 A and δ 2 A. This gives
By calculating the right-hand side using the explicit form (4), we obtain
Substituting eqn. (7) into the left-hand side, we obtaiñ
a constant independent of ǫ. 
wherer µ ≡ r µ /r, d
3 Ω ǫ (r) is the solid angle element at radius r = ǫ, and the limits κ → 0 and η → 0 must be taken before the limit ǫ → 0.
In deriving the above formula (11), we used the relation
which is the euclidean analogue of the well-known formula in Minkowski space for the time derivative of the time-ordered product:
We can simplify the second order expression (11) in two steps. First using the OPE
which is the euclidean analogue of the current-current commutation relation, we can restrict the range of integration over r ′ to r 0 ≥ r ′ , where r 0 is an arbitrary finite radius. This assures the locality of the anomaly, since r 0 can be as small as we want. Second, we can take the gauge potential at r = 0 as vanishing:
This is because those contributions from the double integral which are proportional to A(0)
are canceled by the counterterms. We can understand this cancelation as a consequence of the covariance under the external gauge transformations. After these simplifications, we obtain the main result of this note:
It is important to note the contribution of the counterterm. The radius r 0 is arbitrary, and the locality of the anomaly is manifest. The above expression for the anomaly is valid not only for the free theory but also for the interacting theories like QCD with quarks. We can appreciate the subtlety of the double limit by noticing, as in [4] , that if we take the limit ǫ → 0 before η → 0, the entire double integral in eqn. (11) is canceled by the single integral due to the OPE (14).
By combining eqn. (16) with the expected covariant anomaly equation (5), we can obtain the following formula that determines the coefficient c in terms of a double integral 2 :
Without the contribution of the counterterm in eqn. (16), we would get a wrong factor −3c on the right-hand side.
Since QCD is asymptotic free, we can evaluate the coefficient c using the free fermion theory. For the free right-handed currents, we obtain 
it is straightforward to find the well-known answer
In lieu of conclusions, the author wishes to mention that the present work is a byproduct of his recent efforts [6] to reformulate quantum field theory in coordinate space with the help of the first order variational formulas analogous to eqn. (6) .
